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DUAL OPERATIONS ON SADDLE FUNCTIONS

BY
L. McLINDEN(l)

ABSTRACT. Dual operations on convex functions play a central role in the analysis of
constrained convex optimization problems. Our aim here is to provide tools for a similar
analysis of constrained concave-convex minimax problems. Two pairs of dual operations
on convex functions, including addition and infimal convolution, are extended to saddle
functions. For the resulting saddle functions much detailed information is given, including
subdifferential formulas. Also, separable saddle functions are defined and some basic facts
about them established.

Introduction. Constrained convex optimization problems have been analyzed
quite successfully in recent years via the dual approach. Of central importance in
this analysis have been pairs of dual operations on convex functions. Addition
and infimal convolution are perhaps the most familiar such pair of operations.
Another, perhaps equally important dual pair of operations involves combining
a convex function with a linear transformation in two different ways. In this
paper both of these dual pairs of operations are extended to saddle functions on
finite-dimensional spaces, and very detailed information, including subdifferen-
tial formulas, is given concerning the saddle functions which result from these
operations. The present results will be applied in [4] and subsequent papers to the
analysis of constrained saddle point problems.

In working with saddle functions one confronts two major complications not
encountered in convex function theory. The first of these arises from the fact
that, for applications to saddle point problems, the natural objects of attention
are equivalence classes of functions rather than individual functions. This means
that in developing operations for saddle functions one is interested really in
operations for these equivalence classes of functions. That is, one wants the
operations to be independent, up to equivalence, of the particular choice of
representatives of the equivalence classes involved. A second complication stems
from the fact that saddle functions involve two arguments, one of which is
naturally associated with minimization and the other with maximization. This
often leads to the ambiguity of having to decide between taking the “sup inf” or
the “inf sup” of some saddle function.
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These complications make the extension of results from convex function
theory to saddle function theory far from routine. In view of this, it is a surprising
but happy fact that much can be extended to saddle function theory, as will be
illustrated in this and subsequent papers.

The dual approach to minimax theory began in 1964 with the papers of
Moreau [5] and Rockafellar [6]. In fact, it was in [6] that the two complications
mentioned above were first recognized and handled successfully. In particular, it
was here that the notion of equivalence between saddle functions originated and
here also that the concepts of conjugacy and of subdifferential were extended to
equivalence classes of saddle functions. With the aid of these fundamental tools,
the questions of existence and characterization of the optimal values and optimal
solutions of unconstrained concave-convex saddle point problems were answered
fairly completely.

Further work concerning the dual approach to saddle point problems can be
found in Rockafellar [8], [9], [10], [11], Lebedev-Tynjanskii [2], Tynjanskii [12]
and McLinden [3], [4]. The conjugacy correspondence for saddle functions was
developed independently in the 1969 paper of Tynjanskii, although for a
narrower class of functions than that treated in [6]. Concerning our results,
Gossez [1] independently has essentially defined the addition operation for
equivalence classes of closed proper saddle functions on Banach spaces and
obtained results for it comparable to those of Theorem 1 below.

The rest of this paper is in two parts. In the first we develop the two dual pairs
of operations promised and present our results concerning them together with
some discussion. The actual proofs are presented separately in the second part of
the paper.

Acknowledgment. The present work took preliminary form in a thesis written
under Professor R. Tyrrell Rockafellar at the University of Washington. The
author takes this opportunity to express his gratitude to Professor Rockafellar for
supplying encouragement and thoughtful comments, as well as for posing the
problem of developing dual operations on equivalence classes of saddle func-
tions.

1. Results and discussion. The definitions we use are those in Rockafellar [10]
unless otherwise stated, and for convenience we use the following additional
notation. Suppose K and L are saddle functions. We write K ~ L if and only if
K is equivalent to L, and we let [K] denote the equivalence class to which X
belongs. Frequently we use K to denote a general element of [K]. When K is
closed, the unique least and greatest elements of [K] are denoted by K and K,
respectively, and the equivalence class conjugate to [K] is denoted by [K*]. Thus
when K is closed, its lower and upper conjugates are K* and K*, respectively,
while a general element of [K*] is denoted by K*.

Throughout the paper we use the conventions set forth in [10, p. 24] concerning
arithmetic calculations involving +c0 and — oo. In particular, sup g = —co and
inf g = +co.
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Recall that the notions of (lower and upper) saddle value, saddle point,
effective domain, proper, closed, and subdifferential, as well as the notion of
(lower and upper) conjugate for closed saddle functions, are each invariant under
equivalence of saddle functions. Therefore, these are also notions concerning
entire equivalence classes, and consequently we often use them as such. For
instance, we say that “[K] is a closed, proper equivalence class,” or refer to “the
subdifferential of [K],” etc.

Note that the term “saddle function” can mean either a concave-convex or a
convex-concave function. Without loss of generality, in this paper we deal always
with concave-convex functions.

Suppose [K;], . . ., [K,] are equivalence classes of concave-convex functions on
R™ X R", and write C = N, dom, K; and D = N[, dom, K;. We say that the
sum of [K\),...,[K,] is well-defined if and only if all the concave-convex

functions of the form

x,9) » Ki(x,») +...+K.(x,y) if x € C,

- — if x & C,
or
x,9) » Ki(x,») +...+K.(x,y) ify € D,
— 400 ify & D,
for K, € [K,),..., K, € [K,], belong to a single equivalence class, denoted by

[K, +...+K,]. The operation which sends [K;],..., [K,] into [K, +...+K,] is
naturally called addition. Note that this definition copes with the technical
difficulty of adding together extended-real-valued functions.

When each of [K}], ..., [K,] is closed, it is not hard to see that the condition
in this definition is the same as requiring that the two particular concave-convex
functions

x,y) - K (x,py) +...+K,(x,») if x € C,
- — ifx & C,
and

(x,») > Kj(x,y) +...+K.(x,y) ify € D,
— +00 ify & D,
be equivalent. In [1] Gossez has defined the sum of two saddle functions in this

way and proved a close variant of the following theorem in the context of Banach
spaces.
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Theorem 1. Let [K,], ..., [K,] be equivalence classes of closed proper concave-
convex functions on R™ X R", and assume (., ri(dom K;) = &. Then
() [K, + ... +K,] is well-defined, closed and proper with

dom(K; +...+K,)=dom K, n ... N dom K, ;
(ii) the least and greatest elements of [K, + ... +K,] are the functions

(x,y) - K|(x,y) +...+K,(x,y) ifx € C,
- —00 ifx & C,
and

(X,y) - Kl(x’y) +... +Rr(x’y) lfy € Da
— +00 ify & D,

respectively, where C = (.., dom, K; and D = M, dom, K;; and
(iii) the subdifferential of [K, + ... +K,] is given by

(K, +...+K)(x,y) = 0K (x,y) + ... +3K,(x,).

Next we extend the operation of infimal convolution to saddle functions.
Suppose again that [K,],..., [K,] are equivalence classes of concave-convex
functions on R™ X R", and write dom K; = C; X D;. We say that the extremal
convolute of [K,), ..., [K,] is well-defined if and only if all the concave-convex
functions of the form

(x,y) - sup lnf 2 Ki(xi’yi)

Sxi=x;x; €EC; =y

or of the form

) = o, A0y S0P 2 Kilxi)

for K, € [K,],..., K, € [K,], belong to a single equivalence class, denoted by
[Ky[O...O K,]. The operation which sends [K],..., [K,]into [K, ... K]
is called extremal convolution. Many things can be said about this seemingly
complex operation, as shown by the next two theorems.

Theorem 2. Let [K,], ..., [K,] be equivalence classes of closed proper concave-
convex functions on R™ X R", and assume M., rildom K}*) = &. Then [K; . ..
O K,) is well-defined, closed and proper with dom(K, ... K,) C dom K
+...+dom K,. Moreover [(K,(O...00 K,)*] = [K} +...+K}*]

Theorems 1 and 2 together establish a single, simple condition under which
“the conjugate of the sum is the extremal convolute of the conjugates,” that is,
under which the operations of addition and extremal convolution are the duals
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of each other with respect to the conjugacy correspondence.

The subdifferential of [K; []...[] K,] can be given an immediate characteri-
zation by means of the conjugacy formula of Theorem 2 and the subdifferential
formula of Theorem 1. For this one just needs the fact that, for K closed, dK* is
just the inverse of dK in the sense of multivalued mappings ([10, Theorem 37.5]
or [11, Theorem 7]).

From a comparison with the operation of infimal convolution for convex
functions, one might expect that the inclusion of Theorem 2 could be strength-
ened to equality, or at least supplemented by the inclusion

rildom K, +...+dom K,) c dom(K; (J...OK,).

But in general, even this latter relation can fail drastically, as is seen by taking
r=2, m=n, K|(x,y) =<{x,y) and K,(x,y) = —{x,y). In this case dom K,
+ dom K; = R™ X R" while dom(K, (] K;) = {0} X {0}.

Various criteria can be given, though, which will ensure that one of these two
relations does hold. They are essentially growth conditions on the K; or K*. The
simplest such condition (but by no means the most general) is that [K}
+...+K}*] be “cofinite,” i.e. closed and proper with a finite conjugate. It can be
shown that a closed proper saddle function is cofinite if its effective domain is
bounded. Thus, under the hypotheses of Theorem 2,

R™X R"=dom(K,[J...0K,) =dom K| +...+dom K,

if Ni-; dom K}* is bounded. We shall not pursue this further here, since we shall
give a general discussion of growth conditions for saddle functions in another
paper.

Except for the possibility just mentioned that dom(K;[J...[]K,) may
“collapse,” Theorem 2 shows that extremal convolution satisfies several of the
important properties enjoyed by infimal convolution. The next theorem carries
this even further by asserting that the complicated minimax extrema appearing
in the definition of [K, []...[] K,] are usually attained in a very strong sense.

Theorem 3. Let the [K;] be as in Theorem 2, write dom K; = C; X D;, and pick
any K, € [K\),..., R, € [K,]. Then the least and greatest elements of [KiO...
O K,] are the functions

Heoy)=_ sup_ {cKi(a, ) 0.0 R x,, DO
and
ﬁ(x’y) = Ey,-i;;l)t:;ebi{CI(Kl(.’yl) a...a Xr('s.yr»(x)},

respectively, where [] operating on a convex (resp. concave) function denotes infimal
(resp. supremal) convolution. Moreover, for each (x,y) € dom &(K, ... K,) the
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extrema appearing in the definitions of H(x,y) and H(x,y) are attained, in the sense
that there exist pairs (x;,y,) € dom 9K, ..., (x,,5,) € dom 9K,, such that 3, x;
= x, > ), = y and the quantities

H(x,y) = cl(Ki(x, ) O...0O K(x,, N = lim inf{ inf > I?i(xi,yi)}
Yoy \Zyi=y

and

H(x,y) = (K Gy)O---OK Gy = lirg_fgp{ sup 3 Ki(xi,0)

Fxi=x'

are finite and equal to Ky (x, ) + - .. +K,(x,,%,)-

It can be shown that the function H of Theorem 3 can be expressed
alternatively as

H , = l. . . ~. ) g
H(x,y) sup im inf zlylil_f‘y, > Ki(xi,y)

Sxi=x;x; €C; Y-y

whenever y € dom, K| + ... +dom, K, and similarly

H(xy) =5 inf , limsup sup 3 Ki(x;,)
whenever x € dom,; K, +...+dom, K,. If the sets dom K; are all bounded,
these representations for H and H hold for all (x, ).

Our second dual pair of operations involves combining an equivalence class
with a product linear transformation, i.e. a transformation of the form A(u,v)
= (A, u,A,v), where 4, and A4, are each linear transformations. We say that such
an A4 is a mapping of R? X R? into R” X R" if and only if 4; maps R” into R™
and 4, maps R? into R". Trivially, the range of such an A satisfies range 4
= range A, X range A,, and the adjoint satisfies 4*(u*,v*) = (4Yu*, 4A%0v*).

Suppose [K] is an equivalence class of concave-convex functions on R? X R?
and 4 is a product linear transformation mapping R™ X R" into R” X R?. We say
that [KA] is well-defined if and only if all the concave-convex functions of the
form

(u,v) > RA(u, v) = K(A(u,v)),

for K € [K], belong to a single equivalence class, in which case [KA4] denotes this
equivalence class. The operation which sends [K] into [KA] is called forming the
composition of [K] with A. Our results concerning this operation are collected in
the next theorem.

Theorem 4. Let [K] be an equivalence class of closed proper concave-convex
functions on R? X RY, let A be a product linear transformation mapping R™ X R".
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into R? X R?, and assume range A N ri(dom K) = &. Then

(i) [KA] is well-defined, closed and proper with dom(KA) = A~'dom K;

(ii) the least and greatest elements of [KA] are the functions KA and KA,
respectively; and

(iii) the subdifferential of [KA] is given by

A(KA)u,v) = A*K(A(u,v)).

For our last operation, suppose again that [K] is an equivalence class of
concave-convex functions on R” X R? but that now A4 is a product linear
transformation mapping R? X R? into R™ X R". We say that [4K] is well-defined
if and only if all the concave-convex functions of the form

(u,v) > sup inf K(x,y)

{x] Ay x=u} {y|42y=v}

or of the form

u,v) > inf sup K(x,y),
(Yl A2y=v} (x| A, xmu)

for K € [K], belong to a single equivalence class, in which case [4 K] denotes this
equivalence class. The operation which sends [K] into [4K] is called taking the
image of [K] under A. Notice that the elements of [4K] having the form above
describe, as a function of (u,v), the lower and upper saddle values in the
constrained saddle point problem, “find the saddle points of K with respect to
A7'u X A7'v.” The next two theorems can thus be viewed as assertions about this
parametrized class of constrained saddle point problems, as well as about the
operation of forming [AK].

Theorem 5. Let [K] be an equivalence class of closed proper concave-convex
Junctions on R? X R?, let A be a product linear transformation mapping R? X R? into
R™ X R", and assume range A* N ri(dom K*) 5= &. Then [AK] is well-defined,
closed and proper with dom(AK) C A dom K. Moreover, [(AK)*] = [K*A*].

There are examples to show that, for arbitrary closed proper equivalence
classes, these results are in a sense “best possible.” For instance, [K4] and [4*K*]
can fail to exist (i.e. fail to be well-defined) if the intersection condition used in
Theorems 4 and 5 is relaxed even slightly. To see this, let A be the zero product
transformation (u,v) — (0,0) mapping R' X R! into itself, and let [K] be the
closed proper equivalence class whose kernel is the function (x,y) — x” defined
on the open unit square. (This [K] is discussed in [10, p. 360] and [11, p. 115].)
Then range 4 N ri(dom K) = &, but one still has range 4 N dom K # &.
However it is easy to see that, as K varies over [K], the functions K4 determine
2% distinct closed proper equivalence classes (cf. Theorem 4). Moreover, even
though [K*] consists of only one saddle function and the functions
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(u*,v*) - sup inf  K*(x*y*)
(x*|A1xt=ur) (7*]41y*=0"}

and

inf su K*(x*, y*
(ytlA’y‘-v.) (x"A’x?.u‘) ( y )

(u*,v*) -
are each closed and proper, they are not equivalent (cf. Theorem 5).

This example can be modified to show something more. Let [K] and 4, be as
before, but now let 4, be the identity transformation on R'. Then range 4,
N dom, K s &, range A4, N ri{dom,K) % &, and the functions KA still
determine 2% distinct proper equivalence classes as K varies over [K]. But this
time only one of these equivalence classes is closed, the one containing KA.

Theorems 4 and 5 together yield a single, simple condition under which [4K]
and [K*A*] are well-defined closed proper equivalence classes conjugate to each
other. In particular, the formula [(4K)*] = [K*A*] means that each of our
second pair of operations is in fact the dual of the other with respect to the
conjugacy correspondence.

Notice that the subdifferential of [4K] can be characterized using the
conjugacy formula of Theorem 5 and the subdifferential formula of Theorem 4.

It is trivial to show that the effective domain inclusion of Theorem 5 can be
strengthened to equality when A is one-to-one. But unfortunately the A4’s in
which one is usually interested (e.g. projections or addition transformations) are
not one-to-one, and in this event examples can be given which exhibit the
“collapsing” behavior discussed above for extremal convolution. However by
imposing growth conditions on K or K* one can ensure that dom(4K)
= A dom K. For instance (under the hypotheses of Theorem 5), R™ X R"
= dom(4K) = A dom K when A* 'dom K* is bounded.

The extrema appearing in the definition of [4K] are usually attained in a very
strong, stable sense, as explained in the next theorem. For the statement of this
theorem, recall the definition of the image Bh of a convex or concave function A
by a linear transformation B : If h is convex, then (Bh)(w) = inf{h(z) | Bz = w},
and if & is concave, then (Bh)(w) = sup{h(z) | Bz = w}.

Theorem 6. Let [K] and A be as in Theorem 5, and let K € [K). Then the least
element of [AK] is the function

Ju,v) = sup cl(4,K(x, )W),
{x] Ay x=u}
where {x | A, x = u} can be replaced by {x € dom, K | A, x = u} for every u, and
similarly the greatest element of [AK] is the function

.7(“, U) = (ylbl;l‘f-v) CI(AI Iz(’y))(u)’

where {y | A,y = v} can be replaced by {y € dom,K | A,y = v} for every v.
Moreover, for each (u,v) € dom 9(AK) the extrema appearing in the definitions of
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J(u,v) and J(u,v) are attained, in the sense that there exists a pair (x,y) € dom 0K
such that A(x,y) = (u,v) and the quantities

J(u,v) = cl(4, K(x, ))() = lim inf {V inf, K (x,y’)}

and

J(u,v) = cl(4, K(,y))u) = lim sup{ sup R(x', y)}
wou

X' EA]

are finite and equal to K(x,y).

Regarding the expressions for J given in the first part of Theorem 6, one has

cl(4, R(x, ))(v) = lir';l_)ivnf{v inf R(x y)}

whenever v € A,dom, K or whenever 4, K(x, ) is never — oo (e.g. if x € dom, K
and dom, K is bounded). Similarly, regarding J one has

cl(4, K(,y))(u) = lim sup sup R(x,y)
w—u xEA\W
whenever u € A4,dom, K or whenever 4, K(:,y) is never +co (e.g. if y € dom, K
and dom, X is bounded).

Observe that the pair (x,y) whose existence is guaranteed in Theprem 6 is a
fortiori a saddle point of K with respect to A7'u X A3'v. Moreover the string of
equalities which (x, y) actually satisfies can be viewed as a type of stability
property quite similar to the ones dealt with by Rockafellar 7], [8]. In the
presence of A(x,y) = (u,v) it can be shown that these equalities are equivalent to
the condition that for every € > 0 there exists a § > 0 such that |[u' — u|| < §
and ||v' — v|| < § imply

a—e< inf K(x,) and sup K(,y) < a +¢
Ay AT
where a = K(x,y) € R.

From the results of Theorems 5 and 6 one can easily deduce a strong duality
theorem for a certain pair of saddle point problems. Let K and 4 be as in
Theorems 5 and 6, and let («,v) € dom d(4K) be fixed. By Theorem 6, there
exists a pair (x,y) € dom 9K which is a saddle point of K with respect to
Ar'u X A37'v. But also, for any pair (u*,v*) € d(AK)(u,v), the duality formula
[(AK)*] = [K*A*] together with Theorems 37.5 and 37.4 of [10] imply that
(u*,v*) is a saddle point of the convex-concave function (-,u) + (-,v) — K*A4*
with respect to R™ X R". And furthermore, from [4K] = [(K*4*)*] it follows that
the saddle values in these two saddle point problems are equal. Thus, we have
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that
maximin {K} = minimax {(,u) + {,v) — K*4*),
AT ux Azt R™XR"

and the pairs (x,y) and («*, v*) are solutions, respectively.

By now the reader may already have observed the close parallel between the
results for [K; +...+K,] and [K;[J...[0 K,] and those for [KA] and [4K].
While the proofs of the corresponding results can likewise be carried out in
parallel fashion, we choose to avoid presenting such essentially repetitive proofs.
Instead, our approach is to develop some additional material on the basis of
which Theorems 1, 2 and 3 follow as immediate corollaries of Theorems 4, 5 and
6, respectively. This additional material involves extending to saddle functions
the concept of a separable convex function, and then proving the basic facts
concerning “separable” saddle functions. We should mention that this does
involve some subtleties, and that the proof of Theorem 7 (notably part (iv)) is
nontrivial.

Suppose for each i = 1,..., r that [K;] is an equivalence class of concave-
convex functions on R™ X R™. Write C =dom K, X...Xdom;K,, D
= domy K| X...XdomyK,, m=m; +...+m,, n=n, +...+n,, and let the
points of R™ and R" be written as x = (x;,...,x,) and y = (y;,...,))
respectively. We say that [(K|,...,K,)] is well-defined if and only if all the
concave-convex functions of the form

(x9) > K. yn) +...+K(x,5)  ifx €C,
- —0 ifx & C,
or of the form
() > Ko, ) +...+R(x,5) ify €D,
) ify & D,

for K, € [K,), ..., K, € [K,], belong to a single equivalence class, in which case
[(K;,...,K,)] is this equivalence class. Note that this definition avoids the
dilemma of having to add +o0 to —c0. Our final theorem is the following.

Theorem 7. Let the [K;] and various notations be as in the definition above, and
assume that each [K;] is closed and proper. Then
(G) [(Ki, . . ., K,)] is well-defined, closed and proper with

dom(KX,,...,K,) = C X D;
(i1) the least and greatest elements of (K, . . ., K,)] are the functions

K(xay) = Kl(xl,yl) +... +Kr(xr’yr) ’f x € C’
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and
—[?(X’y) = kl(xl’yl) +... +kr(xr’yr) lfy € Da
= 400 ify & D,

respectively;
(iii) for j = 1 and 2 and (x,y) € C X D,

aj(1<l’ U] Kr)(x’y) = aj1<l (xl’yl) X...X ajI(r(xr?yr)a

while 3(K,, . .., K, )(x,y) = & when (x,y) & C X D; and
) [(Ky, - - -, K)*] = (K, ..., KP))

2. Proofs. The plan is first to prove Theorems 4 through 7. Then Theorem 7
will be combined with each of Theorems 4, 5 and 6 to yield Theorems 1, 2 and
3, respectively, as corollaries.

In carrying out the proofs we shall cite results from Rockafellar [10] on
numerous occasions. For brevity, therefore, we adopt the convention of suppres-
sing explicit reference to [10] and citing such results by merely enclosing their
numbers in parentheses. For example, Theorem 34.2 of [10] is cited simply as
(34.2), Corollary 37.4.1 as (37.4.1), and so on.

Although the fact was hinted at as we went along, we should point out
explicitly that in defining the four operations and separable saddle functions
above, in each case the functions referred to in those definitions are indeed
concave-convex when the K or K;’s are. This can be shown with the aid of (5.2),
(5.5) and (5.7).

Proof of Theorem 4. Write dom K = C X D and let K € [K]. For each
u € A7'C, K(A,u, -) is never —oo and hence KA(u, -) = K(4,u, -)A, is never
— 0. Thus 47' C ¢ dom,(KA), and similarly A;' D c dom,(KA). Now suppose
u & A7' C. Since K is closed and proper, (34.3) implies K(4, u, -)4, equals — oo
everywhere on ri D and hence KA(u, -) equals —co everywhere on A5'(ri D).
Since A3'(ri D) % @ by hypothesis, this shows u & dom,(KA4). Thus A4;7'C
= dom, (KA) actually holds, and similarly 43! D = dom,(KA). In particular, this
means that K4 and KA are each proper concave-convex functions having
effective domain 4-'(dom K).

Now observe from (34.2) that a closed saddle function is convex-closed (resp.
concave-closed) if and only if it is the least (resp. greatest) element of its
equivalence class. It is routine to show, using (6.7), (34.3) and (9.5), that K4
satisfies the six conditions of (34.3) and moreover is convex-closed. Therefore K4
is both closed and the least element of its equivalence class, and similarly K4 is
closed and the greatest element of its equivalence class.

According to (37.4), two closed proper saddle functions are equivalent if and
only if they have the same kernel. But for any (u,v) € ri(4~'dom K), it follows
from the hypothesis and (6.7) that A(u,v) € ri(dom K), so that K ~ K implies
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KA(u,v) = KA(u,v). Thus KA and KA have the same kernel, and so they belong
to the same equivalence class, call it [H]. Now let K be any element of [K]. Then
K < K < Kby (34.2), and hence KA < KA < KA. From this it follows trivially
that KA € [H]. This shows that [KA4] is well-defined and is just the class [H], thus
completing the proof of everything except the subdifferential formula.

By (37.4), for any closed proper saddle function K one has dom 0K C dom K.
This together with dom(KA4) = A~'dom K implies that (KA)u,v) = &
= A*0K(A(u,v)) whenever (u,v) & A~'dom K. So suppose (u,v) € A-'dom K.
By the definitions, (u*,v*) € d(KA)(u,v) if and only if u* € 9(K(:, 4,v)A4,) ()
and v* € 3(K(4,u, )A,)v). From (34.3), (6.3.1) and 4,u € C we know that
K(A, u, -) is proper convex with ri(ldom K(A4,u, -)) = ri D. Hence the hypothesis
range A, N 1i D %% @ and (23.9) imply that v* € d(K(A4,u, -)4,)(v) if and only
if v* € A%0K(A4,u, -)(A4,v), i.e. if and only if v* € 4%9, K(4A(4,v)). Similarly,
u* € ¥(K(,A,v)A,)u) if and only if u* € A%9, K(A(u,v)). The subdifferential
formula follows, and Theorem 4 is proved.

For greater clarity in the proof of Theorems 5 and 6, it is helpful to establish
the following technical lemma separately.

Lemma 1. Let [K] and A be as in Theorem 5, and let R € [K). Then the lower
conjugate of K¥A* is the function

J(u,v) = sup CI(A2K (x, NE),

{x| A1 x=u}
where {x | Ay x = u} can be replaced by {x € dom, K | A, x = u} for any u € R™,
and
cl(4, K(x, @) = lim inf Ay R (x, @)
whenever v € A,dom, K. Similarly, the upper conjugate of K*A* is the function
Ju,v) = _inf cl(4, K(,»)m),
{ylA2y=v}
where {y | Ayy = v} can be replaced by {y € domyK | A,y = v} for any v € R",
and
cl(4, R(,y)(w) = lin'f{l sup 4, K(,y)w)

whenever u € A;dom, K.
Proof of Lemma 1. We prove only the first assertion, as the second is similar.
Let J denote the lower conjugate of K *4*. Then
J(u,v) = sup{(v*,v) + inf{Cu*,u) — (K*(, AL v*)A%)u*))).
Tad u

Since K* is concave-closed, (34.3) and (6.3.1) imply that rildom K*(;,y*)) equals
ri(ldom, K*) when y* € dom,K* and equals R? when y* & dom, K*. Hence
(16.3) and the hypothesis range 4% N ri(dom, K*) # & imply

K*(, A5 AN () = (A, K *(, A30*)*)w) = sup{g(x, A3v*) | A x = u}
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for every v* € R" and u € R™, where g(x,y*) = inf.{(x*, x) — K*(x*, )
Thus,

J(u,v) = sup vt vy + sup g(x, A% v*)}

XEA'u

= sup sup {(v*, vy — (- g)(x,A‘gv*)}.

XeAl u
But it follows from (34.2) and (37.1) that —g = f, where
fOy*) = sup, {{y,»*) — K(x,p)).

Indeed, if we use the notation of (34.2) and let F be the unique closed convex
bifunction such that [K] = Q(F), then [K*] = Q(F,) by (37.1), and

—8(x,y*) = —(Fy*)(x) = (Fx)(y,) = f(x,*).
Therefore (16.3) and (34.2) imply
sup{Cv*,v) — (=g)(x, A3v™)} = (f(x, YAE)*() = cl(daf (x, )*)v)
© = cl(4, K(x, )@).
This establishes that
J,v) = sup cl(4, K(x, )).

{x| A1 x=u}

Next we claim that, for any K € [K], cl(4,K(x,-)) is the constant function
—oo when x & dom, K and cl(4,K(x, -)) = cl(4,K(x, -)) when x € dom, K.
Indeed, if x & dom, K, then (34.3) implies that K(x, -) equals — o0 on ri(dom, K )
so that 4, K(x, -) equals — oo on the (nonempty) set 4,ri(dom, K), and hence
cl(4,K(x, -)) is identically —oo by definition. On the other hand, suppose
x € dom, K and put h = K(x, ). Then cl h = ¢, R(x, -) = K(x, ) by (34.2), so
we are actually claiming that cl(4,h) = cl(4,(cl h)). By (7.3.4) this will follow
once we know that ri(ddom A4, h) = ri(dom A,(cl 4)) and that the functions Ay h
and A,(cl h) agree on this set. Clearly dom A,h = 4, D, and dom A,(cl h)
= A, D,, where D, = dom h and D, = dom(cl k). Since x € dom, X, (34.3)
implies that 4 is proper convex and hence D, c D, C cl D,. By (6.3.1) and (6.6)
it follows that ri(4, D,) = ri(4, D,). Since h is convex, cl h < h whence A,y(cl h)
< Ay h. To show the reverse inequality for v € ri(4, D, ), pick some y € A7y
N i D;. Then for any y € 43'v, (7.5) together with the properness of 4 and the
convexity of 45'v imply that

(el A = lim h(3) > inf h(3) > (A2 )0)

where y, = (1 — A)y + Ay. Thus A,(cl h) > A,h on ri(4, D,), and the claim is
established.
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By the claim and the representation already obtained for J, it follows
immediately that

Jw,v) = sup cl(4, K(x, )).
{x| Ay x=u}
Furthermore, in view of the convention sup @ = — oo, when taking a supremum
we can omit those elements which yield the value —oo. Since cl(4, K(x, -)) is
constantly — co whenever x & dom, K| this means that in the representation just
given for J the set {x | 4, x = u} can be replaced by {x € dom, K | 4, x = u}.

Finally, we need to show that (cl A)(v) = lim inf,_, A(v") whenever v
€ A,dom, K, where h = A, K(x, -). From the nature of the closure operation for
convex functions, we know this equality holds unless (cl A)(v) = —c0 and
lim inf,_,h(') = +00. Now (34.3) implies that dom, K ¢ dom K(x, -), so that
A,dom, K Cc dom h. Hence v € A,dom,K implies lim inf,_, h(") < A(v)
< +o0. This completes the proof of Lemma 1.

Joint proof of Theorems 5 and 6. The hypotheses imply that Theorem 4 applies
to [K*] and 4*. By (37.1.1) and (34.2.2), the functions J and Jin Lemma 1 are
the least and greatest elements of the equivalence class conjugate to [K*A4*]. Let
K be any element of [K]. Since cl f < f when f is convex, g < cl g when g is
concave, and supginfr H < infysupg H for an arbitrary function H on S X T, it
follows that

Jw,v) < sup inf K(x,y) < inf sup K(x,y) < J(u,v)
(x| Ay x=u) (Y A2y=v} (Yl 429=0} (x| 4, xmu)
for every (u,v). By (34.2) this shows that [4K] is well-defined and coincides with
the equivalence class conjugate to [K*A4*]. Since the conjugacy correspondence
among closed proper equivalence classes is one-to-one and symmetric, this shows
that [4K] is closed and proper and satisfies [(4K)*] = [K*4*].

To see that dom(4AK) C 4 dom K, notice first that dom(4K) = dom,J;

X dom,J, for any two elements J; and J, of [4K]. Since the functions
Ji(w,v) = sup inf K(x,y)

{x€dom; K| A4, x=u} (¥l 42y=v)

and

(yEdonlngg | A2y=v} (x|§l|1£u} IZ'(x,y)
are concave-convex (by (5.5) and (5.7)) and satisfy J < J; < J, < J by Lemma
1, they belong to [4K] . But the conventions sup @ = —o¢ and inf @ = +o0
imply trivially that dom,J; C 4,dom; X and dom,J, C 4,dom,K. Hence
dom(4K) c A dom K. This completes the proof of Theorems 5 and 6 except for
the attainment assertion of Theorem 6.

Now let (u,v) € dom d(4K) be given. Then (u*,v*) € 0(AK)(u,v) for some
(u*,v*), which by (37.5) and the formula [(4K)*] = [K*A*] means that (u,v)

L (u,v) =
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€ I(K*A*)(u*,v*) for some (u*,v*). By the subdifferential formula of Theorem
4 together with (37.5), this is equivalent to A(x,y) = (u,v) and A*(u*,v*)
€ 90K(x,y) for some (x,y) € dom 0K and (u*,v*). It follows by (37.4) and
(37.4.1) that, for any K € [K],
K(.X',y) - <x,’A*I‘ u*> - <U, U*> S K(x,y) - <u’ ll*> - <U, U*>
< k(‘x’y,) - <u’ u*> - <y,,A‘2‘U‘>
for all (x’,y’) € R? X R?. Therefore

ARG = sup RO =a= inf | R(x)) = 4K Ko

where a = K(x,y) € R. Since
cl(4, K(x, @) < Ju,v) < J(u,v) < cl4, K(,y))w),

to complete the proof of the attainment assertion it suffices to show for the
convex function h = A4, K(x, -) that

h(v) = (cl h)(v) = lixy iunf h(v)
and for the concave function k = 4, K(-,y) that
k() = (cl K)(u) = lim sup k(w).

u-u

We only show the equalities for A, as those for k are similar. Since a = A(v),
the system of inequalities above implies that

K(x,y) > h@) + w4,y —v), VY € R,
that is,
R(x,y) > h(v) + v — v, Vy € A3'v, Vv € range 4,.
Hence
h(v') > h@) + UV — v, Vv € range 4,.

Since range 4, O dom A, this means that v* € 3h(v). Then since 4 is finite and
subdifferentiable at v, (23.3) implies that h is proper. Thus (cl A)v)
= lim inf, _, h(v). Moreover, since 4 is proper and subdifferentiable at v, (23.5.2)
implies that h(v) = (cl h)(v). This completes the joint proof of Theorems 5 and 6.

To prove Theorem 7 we need some corresponding facts about separable
convex functions. These are listed in the following lemma, whose easy proof is
left to the reader. (Part (iv) of Lemma 2 is not explicitly used in proving part (iv)
of Theorem 7, but we include it to highlight the strong parallel between separable
convex and separable saddle functions.)
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Lemma 2. Fori = 1,..., rlet h; be a convex function on R™ which is never — o,
and define h(y) = hy(y;) +...+h(y,) for each y = (y,...,5) € R", where
n=n,+...+n,. Then

(i) 4 is a convex function on R", proper if each h; is proper, and

dom A = dom A; X...X dom h,;

(i) (el B)(p) = (cl b)) + ... +(cl h)());
(iii) 0A(y) = oh;(y,) X...X 0h,(y,); and

(@) A*(y*) = K (YY) +... +hL(PY)

Proof of Theorem 7. To establish (i) and (ii), we first show that the function
K defined in (ii) is closed, proper concave-convex with effective domain C X D
and moreover is concave-closed. This we do by showing that K together with the
sets C and D as defined above satisfy the six conditions of (34.3) and moreover
that K(:,y) is closed for each y.

If y & D then K(-y) is the constant function +o0, which is trivially concave
and closed. Suppose y € D. Since each K; is closed, proper and concave-closed,
(34.3) implies that each K(-,),) is closed proper concave with C; C dom K(:, )
C cl C;, and C; = dom K(-,y;) when actually y; € ri D;. It follows by (i) and (ii)
of Lemma 2 that K(:,y) is a closed proper concave function with C c dom K-, y)
ccdCX...XxclC,=clC, and C =dom K(-,y) when actually y € ri D
=r1iD,X...Xr1i D,. Now let x € R™ be fixed and put h = K(x;, -) for i
=1,...,r. Then

k(x,y) = h](yl) ++hr(yr) lfy € D’
= +00 ify & D.

For each y € D, hi(y;) < +o fori=1,..., r, and hence the convexity of the
h;’s can be used to show directly that the restriction of K(x, -) to D is convex and
never +o0. Since D is a convex set, this means that K(x, -) itself is convex with
effective domain D. If x & C, then x; & C; for some j, so that by (34.3) A; is
constantly —oo on ri D; and hence K(x, ) is constantly —oco on ri D. Suppose
x € C. Then by (34.3) each k; is proper convex with D; C dom &; C cl D;, and
moreover h; is closed with D; = dom h; when actually x; € ri C;. From these
facts and (i) and (ii) of Lemma 2 it follows that K(x, -) is proper convex, and
moreover K(x, -) is closed when actually x € ri C. This completes the verifica-
tion that K is concave-closed and satisfies the six conditions of (34.3).

Hence X is closed and proper with effective domain C X D and moreover K is
concave-closed. Similarly, the function K defined in (ii) is convex-closed, closed
proper concave-convex with the same effective domain C X D. By (34.4) it
follows trivially that K and K have the same kernel and hence belong to the same
equivalence class, call it [K]. By (34.2) applied to [K;] we have K; < K, < K, for
each K; € [K;]. Hence by (34.2) applied to [K], it follows that [(K], ..., K,)] is



DUAL OPERATIONS ON SADDLE FUNCTIONS 379

well-defined and coincides with [K]. This completes the proof of (i) and (ii).
Next we prove (iii). By (i) and (37.4), dom 9K c C X D. So suppose (x,y)
€ C X D. By (37.4.1) we have

K (x,y) = 3, K(x,y) X 3, K(x,y) = 9K(,y)(x) X 3K(x, )(»).

But (iii) of Lemma 2 and (ii) of the theorem imply that

OK(x, )(y) = 9K, (x;, )(»1) X. .. X 3K (x,, ))
=9, Ki(x;,01) X... X 9, K.(x,,3,),

where (37.4.1) allows us to replace each K; by K;. This establishes (iii) for the case
Jj =1, and the case j = 2 is similar.

Finally, we prove (iv) by induction. Observe first of all that (i) and (ii) imply
that when r > 2,

[(KI’ e Kr)] = [(H9 Kr)]’ where [H] = [(Kl» O 9Kr—l)]'

Suppose we have already proved (iv) for the case when r = 2, and let r > 2. Then
by the observation above, the equivalence class conjugate to [(K],...,K,)] is
[(H, K,)*], which equals [(H* K})] by the case r = 2. But [H*] = [(K},..
K} )] by the inductive hypothesis, and (since the equivalence classes [K}], ...,
[K}*] satisfy the hypotheses of the theorem) the observation above implies
[(H* K})] = [(K{*, ...,K}*)]. This completes the inductive step, and so the proof
by induction will be complete once we establish the initial step, which is (iv) for
the case r = 2.
Write [K] = [(K), K;)] and dom K* = C} X D}. Then by (36.3) and (36.1),

*

K*(x*,y*) = sup inf (3 (x;,xF) + ¥ — Ki(xi, )}
y€ED x€C

< sup in{, {$x25x%) + {2,030 — Ky(x3,02) + KS(x%,9%))

NED €
2 Ky (xt.pt) if x{ € Cf and y§ € dom KY(x}, ),
= {+00 if x4 € C% and y%{ & dom K%(x%, *),
- if x{ & Cf.

Moreover, in the event that x{ € C% and y% € dom K%(x*, -) we have
S KOty =3 Kt(x},y¥) €E R if x4 € C%and y% € domK%(x3, ),
=400 if x§ € C%and y% & dom K%(x%, *),

=-o if x§ & C%.
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Also, D} C dom K*(x}, ) for each x*. With C* = C% X C% and D* = D%
X D%, these facts imply that dom, K* ¢ C*, D* C dom, K*, and

K*(x*,y*) < 3 K¥(xt,y}) whenever x* € C* or y* € D*.

Parallel reasoning starting from K*(x*,y*) yields that C* ¢ dom, K*, dom,K*
C D*, and

S K*(x¥,yt) < K(x*,y*) whenever x* € C* or y* € D*.
Therefore dom K* = C* X D*, and for any K* € [K}],
K*(x*,y*) < T R (xt,p%) < K'(x*»*)

whenever x* € C* or y* € D*. These facts, together with (34.2) applied to [K*],
imply that [K*] and [(K¥, K%)] have the same kernel. Since these two equivalence
classes are each closed and proper, (34.4) then implies that they are the same.
This proves (iv) and completes the proof of Theorem 7.

Proof of Theorem 1. Let A4 be the product linear transformation

A@x,y) = (X, ..., x,p,...,))

mapping R™ X R" into R? X R?, where p =rm and g = rn, and let [K] be
[(Ki,...,K,)]). Theorem 1 then follows from Theorem 7 and Theorem 4 applied
to this [K] and this A4.

Joint proof of Theorems 2 and 3. Let A be the product linear transformation

A, oo s X YY) =0+ o +x, 0 + 00 +y)

mapping R? X R? into R™ X R", where p=rm and g = rn, and let [K] be
[(Ki,...,K,)]. Theorems 2 and 3 then follow from Theorems 5, 6 and 7 applied
to this [K] and this 4.
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